The mathematical model we consider is a Stefan problem in two dimensions. We let Qj, £22 denote the liquid and solid, respectively, while T denotes the interface. We assume that the source of heat, i.e., the welding arc, is localized so that the source term vanishes near the tail end of the weld pool. In each phase, then, one has the heat equation, du/dt = AAu (inS2j,S22), (11) where u = T -TM is the reduced temperature, with TM the melting temperature, and A is the thermal diffusivity. Across the interface one has the latent heat equation lvn= (K/p)(vusVuL) ■ h (on T), (1.2) where / is the latent heat of fusion (per unit mass), v" is the normal velocity of the interface, K is the thermal conductivity, p is the mass density, h is the unit normal vector into the liquid, and Vus and Vu, are the gradients of the temperature at the interface from the solid and liquid directions, respectively. In addition to Eq. (1.2) one must specify the temperature at the interface. A physically realistic condition is the Gibbs-Thompson relation [10] [11] [12] [13] « = ok/AS (on T), (1) (2) (3) where a is the surface tension, k is the curvature, and AS is the difference in entropy in the two phases. For the type of experimental situation we consider, however, the curvature is sufficiently small that one may use the approximation
The transformations we perform are also applicable to a condition of the form u = f(a) (on T).
( [1] [2] [3] [4] [5] where a is the radius of curvature at the tip of the weld pool.
II. Basic transformations. Let the source (i.e., welding arc) move with constant speed v in the positive y direction. In the moving coordinates x = x', y' = y + vt, t' = t, (2.1) a steady state solution to (1.1) must satisfy
A 3 /
We now focus attention on the tail end of the weld pool and model this region with an infinite parabola. We may transform the equations (2.2) and (1.2) into parabolic coordinates using a transformation due to Ivantov [14] :
For any constant a, the equation y = a is equivalent to At the interface, one has the condition u(a) = 0. '(2.10)
Hence, we consider the problem of finding a solution to (2.6)-(2.10). This is an overdetermined system and therefore forces a relation between v and a. If we let w = du/dy, (2 where the complementary error function is defined by 2 r00 7
Ec(x) = -pr / e~s'ds.
If we consider the boundary conditions imposed on the solid, i.e., (2.9) and (2.10), we find for y ^ a Thus, the temperature of the solid is determined entirely from these boundary conditions. The latent heat equation (2.7) then implies an overdetermined system, thereby forcing a relationship between v and a. At this point we make the physical assumption that the gradient of the temperature in the liquid is sufficiently small and may be neglected. Applying the latent heat condition, (2.7), we have the equation
Upon defining the two dimensionless constants III. Application to fault line. We begin with Eq. (2.19), which represents a one-to-one relationship between v and a. As v is increased the radius of curvature of the tip of the parabola, i.e., a, is decreased. At some critical velocity, vc, which corresponds to a critical radius of curvature, ac in our analysis, the resolidification pattern of the grain boundaries ceases to be a smooth set of curves along the welding arc, and forms what is known as the fault line. This may be explained by the ansatz that this critical radius of curvature is an 0(1) multiple of the distance between grain boundaries of the metal.
To see why the fault line occurs at this curvature and velocity, we present a brief discussion of the behavior of the grain boundaries [15] . The question of the strength of the welding bond and the occurrence of a fault line is closely related to the nature of the collisions or coalescence between grain boundaries. Two of the main reasons for collisions are the following: (1) The intersection between the grain boundaries and the solid-liquid interface will not exactly be perpendicular so that eventually the grain boundaries will intersect as shown in Fig. 1 . For slow speeds of welding, this will be the main mechanism for collisions between grain boundaries. These collisions will result in new grain boundaries which will have some general direction but not one which is very coherent.
(2) Another mechanism is due to large curvature, which the grain boundaries attempt to reduce by migration. The solid line in Fig. 2 shows the original shape of the grain boundary, while the dotted line shows the relocation which lowers the curvature. Since the Solid-Liquid GUNDUZ CAGINALP ones closer to the tip migrate further, one can expect collisions. After a collision, as shown in Fig. 3(a) , equilibration of the angle of intersection results in a reconfiguration of the grain boundaries (see Figure 3(b) ). The new grain boundaries formed will have a more coherent direction than those resulting from (1). If we consider the grain boundary formed near the locus of the welding arc, then we may consider the angle 6 between this boundary and the >'-axis (see Fig. 4 ). Hence, we may define a measure of the directionality of these grain boundaries along the >>-axis by a functional such as S [6] = f |cos0( v)\dy. is satisfied for a particular constant C and whether this constant C then implies that the parameter (the effective temperature at a distance which is large in comparison with the radius of curvature of the parabola) is a reasonable value. ' . v_ » Photo 1. A sheet of titanium after a pulsed welding arc has passed at 4 inches per minute. The pulsing freezes the melt quickly so that the shape of the weld pool is apparent. All experiments and photos produced by L.
Brush.
Photo 2. A sheet of titanium after a pulsed welding arc has passed at 14 inches per minute.
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3. A sheet of titanium after a welding arc has passed at a constant rate of 6 inches per minute. This is sufficiently slow so that a fault line does not form, i.e., there is no distinct line forming a path of intersections of grain boundaries.
• Photo 4. A sheet of titanium after a welding arc has passed at a constant rate of 18 inches per minute. This is above the velocity necessary to form a fault line. There is a distinct, almost straight line formed by the intersections of the grain boundaries.
The values of the basic constants for titanium are given in [16] The experiments for titanium [8] is plotted in Fig. 5 , along with the experimental values. The agreement between the reciprocal relationship and the experimental results seems to be quite good. One must be cautioned, however, that the radius of curvature has been obtained by measurements on the photographs using a compass (by the author) and is therefore subject to a reasonable amount of error.~i The analysis and comparisons presented in this paper suggest several experiments. A series of experiments performed on sheets of the same metal with different spacing between grain boundaries would further test the hypothesis involving the relationship between this spacing and the curvature at which the fault line occurs. Similar experiments on different metals would further test the accuracy of the inverse relation between v and a.
